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Abstract
We investigate the conformal bootstrap approach to O(N) symmetric CFTs in five dimension with particular emphasis
on the lower bound on the current central charge. The bound has a local minimum for all N > 1, and in the large N
limit we propose that the minimum is saturated by the critical O(N) vector model at the UV fixed point, the existence
of which has been recently argued by Fei, Giombi, and Klebanov. The location of the minimum is generically different
from the minimum of the lower bound of the energy-momentum tensor central charge when it exists for smaller N . To
better understand the situation, we examine the lower bounds of the current central charge of O(N) symmetric CFTs
in three dimension to compare. We find the similar agreement in the large N limit but the discrepancy for smaller N
with the other sectors of the conformal bootstrap.
1. Introduction
The recent technological advancement in the conformal
bootstrap program has made it an indispensable tool in
the non-perturbative study of higher-dimensional (d > 2)
conformal field theories (CFTs). The central idea is to ex-
amine the constraints on correlation functions from their
basic requirements such as unitarity and crossing symme-
try [1][2], which has been put into practical use recently [3].
By truncating the problem to a finite convex-optimization
one, they succeeded in deriving a rigorous bound on the
conformal dimensions of certain operators without assum-
ing the explicit form of the Hamiltonian (or Lagrangian).
Soon after, the technique has been generalized to constrain
other parameters in CFTs such as operator product expan-
sion coefficients [4] and central charges [5][6].
While these constraints are non-trivial and their com-
plete generality is a significant achievement, what is aston-
ishing is that a certain class of interacting CFTs, whose
existence is known from the other methods, seem to show
up as a singular behavior of the bound such as “kinks”
saturating the constraint there [7][8][9][11][12][13][14][15].
Although the fundamental reason for such phenomena is
not yet clear to us, we are convinced that these CFTs do
lie at the extreme corners of the conformal bootstrap con-
straints. In particular, the hypothesis that there exists a
unitary CFT at the singular point of the bound has led to
the most numerically accurate prediction for the critical
exponents of the 3d Ising model in [14].
Meanwhile the previous studies have been focusing on
space-time dimensions d ≤ 4. One underlying theoretical
presumption may be that we have much less knowledge for
CFTs in d > 4, where in the Hamiltonian (or Lagrangian)
formulation, it is harder to prescribe stable (i.e. bounded
from below), UV-complete, and unitary interactions. De-
spite the difficulty, in a recent paper [16] they have argued
that there exist O(N)-symmetric CFTs in 4 < d < 6 di-
mension based on the ǫ expansion in d = 6− ǫ dimension,
which can be thought of as analogues of the critical O(N)
vector models in 2 < d < 4 dimension.
These models, if they exist in particular in d = 5 di-
mension, are of physical interest in several contexts. The
first is their unusual asymptotic safe behavior under the
renormalization group flow, where these theories can be
characterized as UV interacting fixed points of the O(N)
symmetric Hamiltonian, rather than the more conventional
IR ones. The second is the AdS6/CFT5 correspondence,
where the dual theories in the AdS6 bulk include higher-
spin fields in the large N limit as the dual theories of crit-
ical O(N) vector models in d = 3 dimension did in the
AdS4/CFT3 correspondence [17] (for a recent review, see
e.g. [18]). However, setting ǫ = 1 in the asymptotic ǫ
expansion would require careful treatment and na¨ıve ex-
pectation might fail. It is highly desirable to provide fur-
ther evidence from non-perturbative methods such as the
conformal bootstrap.
In this paper, we perform the conformal bootstrap pro-
gram for O(N) symmetric CFTs in d = 5 dimension. The
large N prediction tells us that unlike what happens in
d = 3 dimension studied in [12], the proposed fixed point
of the O(N) vector models in d = 5 dimension cannot
saturate the bound for the conformal dimensions of the
first scalar operator in the singlet as well as the symmet-
ric traceless tensor representation. Our strategy therefore
is to investigate the other quantities such as the energy-
momentum tensor central charge and the current central
charge instead.
The organization of the paper is as follows. In section
2, we collect some relevant aspects of the conformal fixed
points proposed in [16] and the conformal bootstrap pro-
gram with the O(N) symmetry. In section 3, we present
our numerical results of the conformal bootstrap in d = 5
dimension. In section 4 we present the results for the anal-
ogous computation in d = 3 dimension for comparison. In
section 5, we interpret our results with further discussions.
2. Large N prediction and conformal bootstrap
In the Hamiltonian formulation, the critical O(N) vec-
tor model is realized as the universality class of the O(N)
symmetric Hamiltonian:
H = (∂µφi)(∂µφi) + λ(φiφi)2, (1)
where i = 1, · · ·N . This Hamiltonian admits a natural ǫ
expansion in d = 4− ǫ dimension with the perturbative IR
fixed point for ǫ > 0, which is identified with the Heisen-
berg fixed point in d = 3 dimension (at ǫ = 1). Our focus
is the unconventional regime: ǫ < 0 (ǫ = −1 or d = 5 even-
tually). The Hamiltonian becomes non-renormalizable in
the power-counting sense, yet we may expect the existence
of an asymptotic safe UV fixed point. The perturbative
UV fixed point for small negative ǫ, however, leads to a
negative value of λ, which may call for the question of in-
stability while the anomalous dimensions still appear to
be consistent with the unitarity bound.
On the other hand, we may perform the largeN expan-
sion of (1). The analysis made perfect sense in 4 < d < 6
as well as in 2 < d < 4. For sufficiently large N , the
known properties of the hypothetical UV fixed point do
not contradict with the unitarity constraints of the CFT.
For later purposes, we collect the large N predictions
for critical O(N) vector models in d = 3 and d = 5 dimen-
sions available in the literature [19][20] (see also [12][16]).
The conformal dimension of the scalar operator in O(N)
vector representation (i.e. φi in (1)) is
∆d=3φ =
1
2
+
0.135095
N
− 0.0973367
N2
− 0.940617
N3
+ · · ·
∆d=5φ =
3
2
+
0.216152
N
− 4.342
N2
− 121.673
N3
+ · · · .
(2)
For the first scalar operator in the O(N) singlet (S) rep-
resentation,
∆d=3S = 2−
1.08076
N
− 3.0476
N2
+ · · ·
∆d=5S = 2 +
10.3753
N
+
206.542
N2
+ · · · . (3)
For the O(N) symmetric traceless tensor (T) representa-
tion,
∆d=3T = 2∆φ +
0.810569
N
+
0
N2
+ · · ·
∆d=5T = 2∆φ −
2.16152
N
+
16.5083
N2
+ · · · . (4)
As observed in [16], the asymptotic behavior of the 1/N
expansion in d = 5 dimension is significantly worse than
in d = 3 dimension. Assuming the O(1/N3) prediction
to be compatible with the unitarity bound ∆φ ≥ 3/2 ,
[16] predicted that unitary conformal fixed points exist for
N > 35 in d = 5 dimension.
1/N corrections to the energy-momentum tensor cen-
tral charge and the current central charge are available in
[21]:
Cd=3T
Cfree,d=3T
= 1− 0.450316
N
+ · · ·
Cd=5T
Cfree,d=5T
= 1− 0.0905669
N
+ · · · (5)
and
Cd=3J
Cfree,d=3J
= 1− 0.720506
N
+ · · ·
Cd=5J
Cfree,d=5J
= 1− 0.461124
N
+ · · · , (6)
which we have normalized by the values at the Gaussian
fixed point.
In [16], they have proposed an alternative UV complete
description based on the Hamiltonian
H = (∂µφi)(∂µφi) + (∂µσ)(∂µσ) + g1σ(φiφi) + g2σ3 ,
(7)
where σ is an O(N) singlet. The Hamiltonian (7) allows
a perturbative search of the fixed point in d = 6 − ǫ di-
mension. For sufficiently small ǫ, they found that for large
N ≥ 1039, there is an IR stable fixed point correspond-
ing to the critical O(N) vector models we have described
above. They also found the other (unstable) fixed points
for any N that do not have the conventional 1/N expan-
sions (rather 1/
√
N expansions).
In the following, we would like to investigate the con-
formal bootstrap program for O(N) symmetric CFTs in
d = 5 dimension. Before doing any numerical analysis,
we immediately realize that in the large N limit the crit-
ical O(N) vector models in d = 5 dimension cannot be
seen as a “kink” in the bound for the conformal dimen-
sions in either S or T sector (unlike the study in d = 3
dimension [12]) because the conformal dimensions of these
operators in the large N limit are predicted to be smaller
than those in the generalized free theories. Indeed, the
preliminary numerical conformal bootstrap confirms this.
Our strategy, therefore, is to study the lower bound of the
energy-momentum tensor central charge and the current
central charge.
Before presenting the results, let us briefly comment
on the conformal bootstrap program for CFTs with global
O(N) symmetry, assuming the presence of a scalar field
φi in the O(N) vector representation. The detailed pre-
scription to obtain the lower bound of the energy momen-
tum tensor central charge from the four point function
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〈φi1 (x1)φi2 (x2)φi3 (x3)φi4 (x4)〉 has been given in [12] for
any d, so we will not delineate them here, and we fol-
low their notation. See also [22][23][8] for further details
on the bootstrap program with general global symmetries.
To obtain the lower bound of the current central charge,
all we have to do is to change the normalization point of
the linear functional Λ from the energy-momentum tensor
to the O(N) current [8] (see [24] for a similar approach
to current central charges in 4d N = 1 supersymmet-
ric theories). In the actual computation, the intermediate
states with spin l ≤ 20 and l = 1001, 1002 are taken into
account (the latter is to include the asymptotic effects),
and no assumption is made for the spectra other than the
unitarity bound unless otherwise stated. To obtain a par-
tial fractional approximation of the conformal blocks, we
employed the algorithm of [25] to generate the residues.
All the results in this paper are derived from k = 10 or
55×3-dimensional search space which was sufficient in [12]
to see the kinks corresponding to the critical O(N) vector
models in d = 3 dimension. Our sdpa-gmp[26][27] imple-
mentation is the same as in [12], except that the parameter
precision is 350 here.
3. Central charge bounds in d = 5
Let us now present our numerical results of the confor-
mal bootstrap for the lower bound of the current central
charge with N = 200, 500, 1000 in Figure 1 along with the
prediction of the ∆φ and CJ from the large N expansion in
(2) and (6). As we can see, the curves show sudden changes
in their slopes after their local minima, and for N = 1000
and N = 500, their locations agree with the large N pre-
dictions within our horizontal precisions, 2 × 10−5. For
N = 200 the behavior is similar, but there seems to be
a small discrepancy between the location of the minimum
and the large N prediction. At this point, it is not clear
to us if this discrepancy comes from the poor asymptotic
1/N expansions in d = 5 dimension, or the possibility that
the minimum does not correspond to the actual CFT.
For reference we note that substituting N = 200 into
the 1/N3 term in (2) gives the value −1.5 × 10−5, which
is comparable with the discrepancy here.
We continue to present the results for smaller values of
N in Figure 2. The disagreement between the locations
of the local minima and the large N predictions becomes
even worse. While in [16] they claim the absence of the
unitary conformal fixed points for N ≤ 35, we do not find
any qualitative changes of the curves. In particular the
local minima persist for any N .
Finally, we present the lower bounds of the current cen-
tral charge for N = 2, 3, 5, 10 in Figure 3 along with those
of the energy-momentum tensor central charge. For these
N=500N=1000 N=200
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Figure 1: The lower bounds of the current central charge Cc
J
(∆φ)
for d = 5 O(N) symmetric CFTs with N = 200, 500, 1000. The dots
are the large N predictions of the (∆φ, CJ ) in (2) and (6).
N=100
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N=20
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Figure 2: The lower bounds of the current central charge
Cc
J
(∆φ)/C
free
J
for d = 5 O(N) symmetric CFTs with N =
20, 35, 50, 100. The dots are the large N predictions of the ∆φ.
values of N , we also find non-trivial local minima for the
lower bounds of the energy-momentum tensor central charge
at the range close to where the lower bounds of the cur-
rent central charge show the local minima. As we can see,
the locations of the minima for the lower bounds of the
energy-momentum tensor central charge do not necessar-
ily coincide with those of the current central charge.
The largeN asymptotic slope for the bounds of the cur-
rent central charge in the smaller ∆φ region agrees with the
large N predictions from (2) and (6). However, the sim-
ilar asymptotic slope for the lower bounds of the energy-
momentum tensor central charge disagrees with the large
N predictions of (2) and (5). We will give possible inter-
pretations of these facts in section 5.
One may further attempt to improve the above re-
sults by assuming additional conditions for the interme-
diate states in the conformal bootstrap. For example, in
the literature [9][12][14], the conditions ∆S,T ≥ 1 for spin
0 intermediate states were imposed in d = 3 dimension
while the unitarity bound is weaker: ∆S,T ≥ 1/2. The ad-
ditional assumption should be consistent with the CFTs
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N=3N=5N=10
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Figure 3: Cc
J,T
(∆φ)/C
free
J,T
for d = 5 O(N) symmetric CFTs with
N = 2, 3, 5, 10. The solid lines are the lower bounds of the cur-
rent central charge while the dashed lines are those of the energy-
momentum tensor central charge with the corresponding colors.
we would like to find: we know that the available spec-
tra for the critical O(N) vector models (either from the
other sectors of the conformal bootstrap or from the other
methods) satisfy ∆S,T ≥ 1, so it should make the bound
stronger without excluding them.
In our conformal bootstrap approach to the critical
O(N) vector models in d = 5 dimension for smaller N ,
however, we have less knowledge of the operator contents
of the CFTs we are looking for, nor there seems no other
bootstrap sectors that give the prediction of the spectra (as
far as we have tried). Therefore, a priori, we do not know
what kind of extra assumptions make the bound stronger
without excluding the non-trivial CFTs. For an exper-
iment, we have derived the lower bounds of the current
central charge in the O(2) symmetric CFTs with the as-
sumptions ∆S,T ≥ ∆0 for spin 0 intermediate states by
changing ∆0, whose results are shown in Figure 4. The
bound is rather stable against shifting ∆0 from 1.5 to 1.65
and then starts to move. However such a behavior does not
immediately imply that there is an actual CFT at the ob-
served minimum saturating the lower bounds for ∆0 = 1.5
or 1.65 with a spin 0 intermediate state whose conformal
dimension is ∆S,T < 1.8 . To see what is happening, we
will compare the situations in d = 3 dimension in the next
section.
4. Current central charge bounds in d = 3
In order to better understand the situations in d = 5
dimension, we have performed the similar analysis of the
lower bounds of the current central charge in d = 3 dimen-
sion for O(N) symmetric CFTs. In particular, we would
like to address the question if the local minima of the lower
bounds of the current central charge can be associated with
the critical O(N) vector models.
To keep the story in parallel with that in d = 5 di-
mension, we have first derived the lower bounds from the
D0=1.5
D0=1.65
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D0=2.4
D0=2.6
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Figure 4: Cc
J
(∆φ)/C
free
J
for d = 5 O(2) symmetric CFTs
obtained by assuming ∆S,T ≥ ∆0 with ∆0 running over
1.5, 1.65, 1.8, 2, 2.2, 2.4, 2.6.
conformal bootstrap program without assuming any addi-
tional conditions for the spectra of the intermediate states
other than the unitarity bound (which is 1/2 for spin 0
operators in d = 3 dimension). For sufficiently large N ,
Figure 5 shows that the lower bounds of the current cen-
tral charge possess the local minima as in d = 5 dimension,
and their locations in the large N limit coincide with the
large N predictions of ∆φ of the critical O(N) vector mod-
els (2). However, for smaller N , we see that the location of
the minimum begins to deviate from the ∆φ predicted in
the other sectors of the conformal bootstrap (e.g. S or T
sector) in [12]. Furthermore, for N < 9, the minimum of
the lower bound of the current central charge disappears.
N=40 N=20
N=10
N=9
N=3
N=5
N=2
0.51 0.52 0.53 0.54 0.55
DΦ
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0.95
1.00
CJcHDΦLCJ free
Figure 5: CcJ (∆φ)/C
free
J for d = 3 O(N) symmetric CFTs with N =
2, 3, 5, 9, 10, 20, 40. The bounds are completely general – i.e. no
assumption other than the unitarity bound is made. The dots are
the large N predictions of (∆φ, CJ ) for N = 40, 20, 10 critical vector
models from the left.
For comparison we note that the location of the local min-
imum of the lower bound of the energy-momentum tensor
central charge for N > 1, if any, does not coincide with
either the ∆φ predicted from the kinks in the S and T
sectors or the minimum of the lower bound of the current
central charge we obtained (see FIG 4 of [12])1. In [14], the
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energy-momentum tensor central charge was successfully
chosen as a good trial function for the precision confor-
mal bootstrap program in the 3d Ising model. Our results
suggest that neither the energy-momentum tensor central
charge nor the current central charge by themselves may
be good candidates for the precision conformal bootstrap
of the critical O(N) vector models in d = 3 dimension ex-
cept in the large N limit for the latter. As stated at the
end of the previous section, one may attempt to improve
these bounds by examining the conformal bootstrap pro-
gram with additional conditions, i.e. ∆S,T ≥ ∆0 rather
than the unitarity bound ∆S,T ≥ 1/2. While we have
some knowledge of the spectra of operators here in d = 3
dimension, we again vary ∆0 to compare the situations in
d = 5 dimension. The results for the lower bound of the
current central charge in the O(2) symmetric CFTs are
presented in Figure 6. The behavior under changing ∆0 is
similar to that in d = 5: at first stage it is rather stable
and then starts to move, and it begins to show a “kink”.
Although the bounds with the assumption ∆0 = 1 and
1.1 show a rather sharp “kink” around the values which
we have expected in the critical O(2) vector model from
our a-priori knowledge, we are forced to conclude that the
critical O(2) vector model saturates none of these bounds
because the other methods [28][12] strongly suggest that
the critical O(2) vector model does satisfy ∆S,T ≥ 1.2 and
thereby its current central charge must be bounded from
below by the curve with ∆0 = 1.2. Our results then im-
ply that without a further input from the other sectors to
tune the assumptions of the intermediate states, it seems
difficult to use the current central charge itself as a trial
function for the precision conformal bootstrap of the crit-
ical O(N) vector models.
5. Discussions
In this paper, we have studied the conformal bootstrap
program for O(N) symmetric CFTs in d = 5 dimension
with particular emphasis on the lower bound on the cur-
rent central charge. In the large N limit, given the agree-
ment with the large N analysis together with the more
solid results in d = 3 dimension, we are confident that
the observed local minima correspond to the critical O(N)
vector models discussed in [16].
We, however, did not find any evidence for the confor-
mal window proposed in [16]. There are a couple of pos-
sible scenarios here. (1) The conformal window does not
1One can improve the situation by using further information avail-
able from the other sectors in the conformal bootstrap program. For
example, in deriving FIG 5 of [12], they assumed ∆S ≥ ∆
c
S(∆φ)
where ∆c
S
is the upper bounds on the first operator in the S sector
(i.e. the curve shown in FIG 2 of [12]). However, in d = 5 dimension
we cannot import such information at present because the critical
O(N) vector models are sitting well-below the bounds for the S sec-
tor.
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Figure 6: Cc
J
(∆φ)/C
free
J
for d = 3O(2) symmetric CFTs with assum-
ing ∆S,T ≥ ∆0 for the spin 0 intermediate states, with ∆0 running
over 0.5, 0.6, 0.7, 1, 1.1, 1.2.
exist: the critical O(N) vector models are unitary CFTs
for any N > 1. (2) At finite N , there exist crossovers
with the other fixed points such as the ones predicted in
[16] from the ǫ expansion in d = 6 − ǫ dimension. (3)
The conformal window does exist, but the lower bound of
the current central charge did not capture it: the observed
local minima do not correspond to any unitary CFT.
In the first scenario, the discrepancy for finite N in
d = 5 dimension could be explained by the poor asymp-
totic behavior of the large N expansion. In the second
scenario, the discrepancy between the location of the lo-
cal minimum in the lower bound of the energy-momentum
tensor central charge and that of the current central charge
could be understood as the existence of two (or more) dis-
tinct conformal fixed points within the same universality
class. It would also explain the observed asymptotic slope
of the lower bound of the energy-momentum tensor cen-
tral charge that differs from the large N prediction. In
the third scenario, the possible absence of CFTs at the
local minima of the bounds may have the same origin of
the situations in d = 3 dimension for smaller N where the
critical O(N) vector models do not saturate the bounds of
the current central charge at the minima (without tuning
the extra assumptions for the intermediate states).
It would be interesting to see if these puzzles in smaller
N can be resolved within the conformal bootstrap pro-
gram. Alternatively, to test these scenarios directly in
d = 5 dimension independently from the conformal boot-
strap, we may perform the higher loop ǫ expansions with
a careful resummation.
Finally, since our results appear to be robust in the
large N limit, the analysis of higher-spin current operators
from the conformal bootstrap may be of practical use to
establish its connection to the AdS6/CFT5 correspondence
with higher-spin fields propagating in the bulk.
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